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Abstract

A new version of the Bicklund—Darboux transformation for the matrix
Kadomtsev—Petviashvili (KP) equation is used to construct and study
explicit multi-parameter solutions and wavefunctions (in terms of the matrix
exponents). A class of the self-adjoint non-singular solutions of KP T is
introduced using the controllability notion from the system theory. A subclass
of the rationally decaying self-adjoint non-singular solutions is studied, in
particular. Several results prove new in the scalar case also.

PACS numbers: 02.30.1k, 03.65.Ge, 05.45.Yv, 02.10Yn, 02.30.Tb

1. Introduction

This paper deals with a matrix analogue of the Kadomtsev—Petviashvili equation (the matrix
KP equation)

Uy + Uy —3(uux+uxu)+ozza)y = a(uw — wu) W, = 3u, (1.1)

where u(x, t, y) and w(x, t, y) are m x m matrix functions, u; = g—’t‘ and o # 0 is a constant

scalar. If m = 1, then the right-hand side of equation (1.1) turns to zero and we obtain the
already classical KP equation. L, A pairs for the KP equation have been constructed in [34]
and [9]. A detailed discussion of the explicit solutions can be found in [2, 19, 32]. The
matrix KP equation, its integrability and solutions have been studied, for instance, in [6, 17].
The well-known Bicklund—Darboux transformations (BDTs) are widely used to construct and
study explicit solutions of the KP equation (see [1, 3, 5, 15, 18, 23, 35] and references therein).
For the important modifications and generalizations of the BDT see, for instance, [8, 10, 11,
13, 18, 19, 21, 33]. (See also a recent paper [7] for results and references on the BDT and
spectral theory.)

1 Corresponding address: Belova 30, korp. 1, kv. 4, 14032 Chernigov, Ukraine.
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The present paper was initiated by the growing importance of the multi-component and
matrix integrable equations and their explicit solutions. An interesting class of the real
non-singular and rationally decaying KP I solutions was constructed and studied in [1] (see
also [30]). Here we construct and study multi-parameter explicit solutions of the matrix KP
equations. A class of the rational non-singular self-adjoint (real in the scalar case) solutions
is included. The corresponding wavefunctions (eigenfunctions of the matrix non-stationary
Schrodinger equation) are also constructed. In particular, the formulae prove useful for
the understanding of the connections between matrix identities and KP solutions actively
investigated in the last few years [4, 14, 16, 31]. Several results are new in the scalar case. The
constructed rational non-singular self-adjoint solutions depend generically on the polynomial
inx, f, y and its conjugate, i.e. on the two real variables, although a more complicated example
is treated also. The scalar solutions obtained in the interesting paper [14] are included as a
subclass (see remark 2.6).

The version of the BDT that we are going to apply was initially developed in [25, 26].
We can find various applications of this method to the spectral theory and nonlinear equations
in [27, 28] and [12] (see more references in these papers).

In section 2 a version of the BDT for the matrix KP equation is introduced and applied
to the construction of the explicit up to the matrix exponents solutions. The self-adjoint
non-singular solutions of KP I are studied in section 3. A subclass of the rationally decaying
self-adjoint non-singular solutions is considered in section 4, and section 5 contains the
conclusion.

2. BDT for the matrix KP

We can easily check that, supposing u,, = u,,, the matrix KP equation (1.1) is equivalent to
the equations [L1, K;] = 0and [L,, K;] =0, where [L, K] := LK — KL,

L (0 0y3 (0 I
VTN o)y o
0 0 0\ 9° 0 2I,\ 0 . -2
K| = — +4a? — 2« —+ T, 2 "
ot I, 0/ 9y? u 0 /)9y Upy — 0y — 2U° 0@ — Uy

32 9 9 9 d
Lri= — +a0— —u K= —+4+4— —6u— — 3u, +aw (2.2)
dx? dy ot 0x3 ox

2.1)

where [, is the m x m identity matrix, and L, = L,(o, u, ), K, = K,(a,u,w). The
auxiliary pair L,, K, is traditionally used in the study of the KP equation but we need to
double the order of the auxiliary systems (and use the pair L, K;) to apply the approach of
[25, 26, 28]. Next we introduce N x 2m matrix functions W and ® by the equations

L\W(x,1,y)*=0 K\W(x,1,y)*=0
Ly®(x,t,y)*=0 Ki®(x,t,y)* =0

where the dual differential expressions L, and K, take the form

2.3)

-1, O

and u* denotes the conjugate transpose of u (conjugate in the scalar case). Thus, W is an
eigenfunction of the auxiliary and & is an eigenfunction of the dual systems. Similar to the

0 Iy
LdIJLl(—O[*,M*,a)*)J KdZJKl(—O[*,M*,a)*)J J:l( ) (24)
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binary BDT (see [1, 21] and references therein) we use both auxiliary and dual systems. We
denote by W, (p = 1,2) and ®,(p = 1, 2) the N x m blocks of ¥ and ® respectively, i.e. we
define W, and ®, by the equalities ¥ = [W| W] and ® = [®; ®,]. Now we introduce the
N x N matrix function S(x, ¢, y) by its derivatives

S, = PV S5, = —ad, ¥}

(2.5)
Si =202 W5 + Du W) + 4o’ (Dr) W) — 02 07)).

Matrix functions S, ® and W are analogues of the operators from the Lev Sakhnovich S-
node [29], while the corresponding matrix identity from [28, 29] takes the form §, = ®W*,
Supposing Wy = W , formula (2.3) and definition (2.2) yield

lxy lyx>
Lo(ot,u, @)Wy (x,1,y)" =0 Ko(o,u, o)W (x, 1, y)" =0 (2.6)
and, if # and o satisfy matrix KP equation, then W} is a wavefunction of this matrix KP

equation. The BDT for the non-stationary Schrédinger equation L, W = 0 is of interest in
itself [1, 3, 24]. Furthermore, we suppose that

— * ¥ * W
Uxy = Uyx \Illxy - lI"ly)c \Illyxx - \Illxxy
* ¥ * Ik _
\Illxyx = \I'[lxxy \I'[lxt = \Ijltx (DZX)' = CDZ)'X (2.7
(DZyxx = cDZxxy cDnyx = cDZxxy cI>2)ct = cDtho

In view of equations (2.3), (2.5) and (2.6) by direct calculation using non-commutative algebra
packages [22] we can obtain the result for our version of BDT (generalized BDT (GBDT)
by [28]).

Theorem 2.1. Suppose u and w satisfy the matrix KP equation, and ¥, ® and S satisfy
equations (2.3), (2.5) and (2.7). Then, in the points of invertibility of the S matrix functions W
and @ given by the relations

w(x,t,y):=u(x,t,y)+2aX.(x,1,y)

o(x,t,y) i=w(x,t,y)+6aX,(x,t,y) (2.8)

X(x,1,y) == Wi(x,1,y)*S(x, 1, )" Dalx, 1, y)

satisfy the matrix KP equation as well. Moreover, ff’f = \I"fS’1 is a wavefunction of
this matrix KP equation, i.e., Lr(o, u, @)V} = 0 and K> (o, 11, 0) ¥ = 0.

Remark 2.2. From equation (2.3) we can easily see that,ifu = u*, ® = w*and ¢ = —a*, then
we can put ® = WJ. In this way, setting at some fixed point S(xo, 9, o) = S(xo, fo, Yo)*, we
obtain S(x, 7, y) = S(x, t, y)*. So according to equation (2.8) we have # = u* and ® = @*.

When u = o = 0 we can construct ¥ and ® satisfying equation (2.3) explicitly. (The
way in which operator I' was constructed in [19] can be used, in particular.) The simplest
expressions can be obtained on the matrix exponents level. In the next theorem we also
construct explicitly the matrix function S.

Theorem 2.3. Fix integersn > N > 0. Choose seven parameter matrices: n X n matrices
Aand A; N x n matrix By and n x m matrix By; m x n matrix B;,n x N matrix B,, and
N x N matrix C. Let R satisfy the matrix identity

AR+ RA = —aB,B,. (2.9)

Then the matrix functions

W (x,1,y)* = Biexp(xA —a'yA? —41A%)B, (2.10)
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®y(x,1,y) = Biexp(xA+a 'yA? —41A%)B, (2.11)
Wo(x,t,y) = Wi(x,t,y) Di(x,1,y) =—Dor(x,1,y) (2.12)

and
S(x,t,y) = Bexp(xA +a ' yA> —4tA*)Rexp(xA —a 'yA? — 4tA*)B, + C (2.13)
satisfy equations (2.3) and (2.5) and provide via equation (2.8) the explicit solutions of the

matrix KP equation.

If the entries of the parameter matrices are real (and « = +£1), we obtain real-valued solutions
of the matrix KP II.

Remark 2.4. Under the conditions of theorem 2.3, we can assume without loss of generality
that A and A have Jordan form.

When o = +i, A = diag{fl,, 00, ...,0l,}, and A = diag{6l,, 0D, ...,00,} (0 = —6*;
L, ..., ln,/l\l e ,T,, C Z), then u and @ are periodic in x, £, y solutions of the matrix KP I. If
C =0,0(A) = 1o, and o(A) = Lo, where o means spectrum, then % and @ are rational (see
corollary 4.1).

Remark 2.5. In the scalar case we have m = 1, and the right-hand side of equation (2.9) is
of rank 1. KP equation solutions and r-functions generated by the identities of the type (2.9)
(with rank 1 right-hand side) have been considered in the interesting paper [16].

Remark 2.6. Whenn = N and B, = §2 = I,, then according to equations (2.8) and
(2.10)—(2.13) we obtain

X(x,1,y) = Bi(R+ea(x,1,y) 'Cez(x, 1, y) ™)' B, (2.14)

where e, (x, 1, y) = exp(xA + a~'yA? — 4t A3). If we assume additionally that m = 1, C =
2w 1, and matrices A and A commute, we obtain the class of solutions introduced recently in
[14] (compare equations (2.8) and (2.14) with formulae (2) and (7) in [14]).

3. Explicit self-adjoint solutions of the matrix KP I

Corollary 3.1. If « = —a*, B] = §;, A= A* By, = i§’;‘, C = C*, and R = R*, then the
solutions of the matrix KP equation constructed in theorem 2.3 are self-adjoint: U = u* and
o= w".

For the case « = —a™ we put without loss of generality @ = i and rewrite equation (1.1) in
the matrix KP I form:
Up +Uyey — Uy +uu) — oy, =i(uw — ou) Wy = 3u, 3.1)

Under the assumptions of corollary 3.1 formulae (2.9)—(2.13) take the form

AR+ RA* = BB} R=R* (3.2)
Dy(x,t,y) =1V (x,t,y) = Brea(x, t,y) B> (3.3)
Di(x,t,y) =—DPo(x,1,y) = —iVr(x,1,y) 3.4

S(x,1,y) = Brea(x,t,y)Rea(x,t,y)"Bf +C (3.5
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where e (x,1,y) = exp(xA — iyA? — 4t A3). According to equation (2.8) the matrix KP I
solutions are given by the equalities
ﬁ(xstvy):2ixx(xst7y) 5)(x7taY)=6iX)~(x:t7Y) (36)
X(x,t,y) = Wilx, 1, )" S(x, 1, y) "' Pa(x, 1, y). (3.7

In view of equations (3.2)—(3.6) without loss of generality we can assume that A has the Jordan
form (recall remark 2.4).

Example 3.2. Suppose m = 1,n = 2, A is a Jordan cell

o Mo 1 _ b] _ 0 C e
A= <0 HO) B, = (b) C = (C* d) (C =C. (3.8)

By the first relation in equation (3.8) for R = {rk_,A}i’ j=1 We obtain

K i= [Lo + 1. (3.9)

+
AR+ RA* = kR + (m 2 ”2)

22 0
From the definition of A we also obtain
ea(x, 1, y) = exp (uox —ingy — 4ut)

x exp{(A — wob) (xL — iy(A+ pol) — 4t (A* + oA + b))}

0 x —2ipgy — 12/L(2)t>j|

= exp (Mox — iu%y - 4/1,81‘) |:12 + <0 0 (3.10)

Consider the case k = o+ pu5 = 0,by = 1,bo =0, and By = I,. Inview of B = I,
formulae (3.2)—(3.5) yield a skew-self-adjoint case of equation (2.14)
X(x,t,y) =iB3(R+ea(x,t,y) ' Clea(x,t,y)")*) ' Bs. (3.11)

Taking into account equations (3.10) and (3.11) we have

iB: - 0 P(x,t,
X(x,t,y) =1B; <R+|6(uo,x,t,y)| 2[12—(0 (0 ”)}

x\ —1
% C [12— <g P(xbt’y))} ) B (3.12)

e(po, x, 1, y) = exp (1ox — ingy — 4uqt) P(x,t,y) =x —2ipnoy — 12u3t.  (3.13)
(The same polynomial P has appeared already in [1].) As x = 0, by equations (3.2) and (3.9)
it follows that

ro T
R= (”T 0) ro=rg ri+rf =1 (3.14)

Notice that if k = 0, then |e(uo, X, t, y)| = 1. From equations (3.6), (3.12) and (3.14) by the
standard calculations we now obtain

X(x,t,y)=1d (r2 +d (x — 2ijpoy — 12;1,%1‘))71 (rp=dro—|r1 + c|2)

where

) (3.15)
T(x, 1, y) =2d> (r+d (x — 2ipoy — 12u31)) & = —6iuoi.

Suppose that o (1A) C C,, where 0 means spectrum and C, is the open upper half-plane. It
is well known that in this case equation (3.2) has a unique solution:

1 +00
R= —/ (A, —iA) ' BBy (LI, +iA™) "N da. (3.16)
27 J_ o
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The transformations A — —A,C — —C yield transformations X (x,?,y) —
—X(—x,—t,y),u(x,t,y) = u(—x, —t,y), and @(x,t,y) - —w(—x, —t,y). Therefore
we do not need to consider the case 0 (1A) C C_ separately.

We introduce a definition from the system theory:

Definition 3.3. A pair A, B, that satisfies the equality span U;:Ol Im A'B, = C" (Im denotes
image) is called full range or controllable.

If 0(iA) C C, and the pair A, B, is full range, then according to equation (3.16) the solution
of equation (3.2) is strictly positive: R > 0,i.e. f*Rf > O forany f € C", f # 0. Hence in
view of corollary 3.1 we obtain

Proposition 3.4. Suppose that o (iA) C C,, the pair A, By is full range, rankB; = N, and
C > 0. Then S(x, t, y) given by equation (3.5) is strictly positive and therefore invertible. So
the matrix KP I (3.1) solutions  and @ given by equations (3.2)—(3.6) are non-singular.

In the next example the solutions are non-singular.

Example 3.5. Let the parameter matrices A, B, and C have the form (3.8) and put B; = I,
(n = N = 2). This time we put b; = 0, b, = 1, and therefore the pair A, B, is full range.
Suppose that c = 0,d > 0,i.e. C > 0, and that k = 1o + ug; > 0. So all the conditions of the
proposition 3.4 are fulfilled. From equation (3.9) it follows now that

2 -2 1

R:xl( £ ) (3.17)

—K 1
We sometimes omit the variables x, 7, y in our further calculations. Using equations (3.12)
and (3.17) we have

X =iz1/Z, Zy =2 +dle(no)| | P

(3.18)

Zr =k "+ dle(uo)| 2P = k(P + PF) +2c72).
Taking into account equation (3.13) we easily obtain the derivatives with respect to x:

Zy = —i(Zy = 27 +dle(no)| (P + P*)

Zh = —k(Zy — k™ + 17 dle(uo)| (P + P* — 27 ").
Hence we have
Z\Zy — ZhZ) =22 Zy — k3 Zy + 26 2d)e(uo)| 22y

+dle(o)| 2 (P + P*)(Zy — k7' Zy).
Finally in view of equations (3.6) and (3.18) we obtain
- 2d -2
U= _%(&ﬁ =3k H P+ P+ k(P +2d]e(o)| 2 (P + PY))

2

+x2dle(uo)| P Q2IPIF — (P + P¥)%)). (3.19)
The wavefunction in our case is given by the formula

wrsT! = (k2 +dle(po)| 2P* 2k —k2P). (3.20)

e(no)Zs

Notice that the second entry of W} S~! in equation (3.20) decays exponentially when |x| — oo
while the first entry grows exponentially when x — —oo. When C > 0 the situation is
different.
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Proposition 3.6. Let the conditions of proposition 3.4 hold, and suppose that C > 0. Then
the columns of the KP I wavefunction Wi = WiS~! are square summable in x (belong to
L?*(—o00, 00)).

Proof. According to equations (2.5) and (3.3) we have S, = W;W}. Therefore we obtain

1
/(S(x,t,yﬂ)wl(x,r,ywl(x,r,y>*S(x,r,y)*‘dx
-1

==Lty =Sty H<c

The statement of the proposition is immediate. O

4. Rational solutions of the matrix KP
When C = 0, a corollary of theorem 2.3 and proposition 3.4 follows:

Corollary 4.1.

(i) Let R, W, ®,, and S be defined by equations (2.9)—(2.11) and (2.13), where o(A) =
o, O’(Z) = Mo, and C = 0. Then the matrix KP equation solutions U and @ are rational
inx,t,y.

(ii) Let R, WV, @y, and S be defined by equations (3.2), (3.3) and (3.5). Suppose that
o(iA) = ry € C,, the pair A, By is full range, rankBy = N (N < n), and C = 0.
Then the KP I solutions u and @ given by equations (3.6) and (3.7) are self-adjoint, non-
singular, and rational in x, t, and y. Moreover, the wavefunction W} S~ is the product of
the scalar multiple e(—iAo, x, t, ¥) defined in equation (3.13) and the rational multiple.

Proof. First we prove statement (i). Notice that

e(uo, x,t,y) 'ealx, 1, y) = explA1(1o)x + Ax(io)y + A3 (o))} 4.1)

where (compare with the first equality in equation (3.10))

Ai(po) = A — pol, As(po) = —i(A* — 1) As(o) = —4 (A* — 13 1,)

ie., Ay, Ay, and As are nilpotent matrices. (Recall that A is called nilpotent if AF = 0 for
some k > 0.) In the same way we obtain

e(fio, x, 1, ) leq(x, 1, y) = exp{A; (To)x + Az (To)y + A3(To)1)) (4.2)

where A 1 ;\\2 and :4\3 are nilpotent. Therefore, the right-hand sides of equations (4.1) and
(4.2) are rational. Hence, taking into account that C = 0 we derive from equations (2.10),
(2.11), (2.13) and (2.8) that X is rational. Using equation (2.8) the matrix functions % and @
are rational as well.

Let us now prove part (ii) of the corollary. The rationality of u and @ follows from part (i).
The self-adjointness and regularity of the solutions follows from corollary 3.1 and proposition
3.4, respectively. Finally, according to equations (3.3), (3.5) and (4.1), e(—iko)‘l\lli“S_' is
rational. ]

Furthermore, we study the rational non-singular solutions described in part (ii) of the corollary.
In the scalar case, this type of multi-lump solution has been considered in [1]. The problem
of the existence of slowly decaying non-singular solutions in the case of one space variable is
of interest also (see the discussion in [20] and references therein). Notice that if C = 0 and
n = N we obtain only trivial solutions.
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Example 4.2. Let A and B, be given by equation (3.8), where b; = 0,b, = 1, and x > 0
again. Put C =0, N = 1, and B; = (1 1). In this way, all the conditions of corollary 4.1
part (ii) are fulfilled. From equations (3.5) and (3.10) we obtain

0 P 0 *
S = le(uo) > By [12 + <0 0)} R [12 + (0 g)} Br. (4.3)

As A and B, coincide with the corresponding matrices from example 3.5, the matrix R is given
by equation (3.17). Using equations (3.17) and (4.3) we easily calculate

S=ke(uo) P> =k "(P+P*+2)+|P + 1. (4.4)
From equations (3.3), (3.7) and (4.4) we derive
iK|P + 1
X (4.5)

Tk (PP )+ |P I

Finally the lump solution % takes the form

2[(P+ 12+ (P*+1)? — 2k~ 1(P + P* +2)]
Q2 =k Y (P+P*+2)+|P+1]?)?

(4.6)

u=

Consider now a simple matrix lump solution.

Example 4.3. In this example we take the same matrices A, B; and C = 0 as in the previous
example 4.2 and put m = 2, B, = [,. According to equations (3.2) and (3.9) the entries
r12, 21 and ryy of R coincide with the corresponding entries in the previous example (see
equation (3.17)) but we have rj; = k' + 2k 3. Therefore, equation (4.3) now yields

S=«"Ye(n) P +2k > =k Y P +P*+2)+|P+ 1. 4.7
Analogously to example 4.2 we obtain
i P*+1
X = “C (1 P+1). (4.8)
1422 =k~ Y(P+P +2)+|P+1)? 1
Recall that 7 = 2iX,, ® = 61X,.

It has already been mentioned that without loss of generality we can assume that A has the
Jordan form. Therefore, under the conditions of corollary 4.1 the nontrivial generic case of
the rational multi-lump solutions corresponds to the block diagonal 2/ x 2/ matrix A with the
2 x 2 Jordan cells:

1
A = A(uo) = diagla, ..., a) a= (’60 MO) (k = 1o + 115, > 0). (4.9)
Put D(P) = I; + PA(0). The matrix function X now takes the form
X = iB;‘D(P)*BT(BlD(P)RD(P)*BT)“BID(P)Bz. 4.10)

Remark 4.4. ~Ir1 the generic case (4.10) as well as in the examples (4.5) and (4.8) we have
X(x,t,y) = X(P, P*),where P(x,t,y) = x—2iuoy — 12u%t. (Up to a constant P coincides
with f in [1].) Thus we obtain

U(x,1,y) =2i(Xp(P, P*) + Xp-(P, P*))
B(x,t,y) = 12(uoX p (P, P*) — i X p- (P, P¥)). 4.11)

In other words % and @ depend on the two real variables: real and imaginary parts of P.
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The asymptotics of the generic solutions follows from equation (4.11) and the next proposition
is easily derived from equation (4.10).

Proposition 4.5. Suppose det BiA(0)RA(0)*Bf # 0. Then the asymptotics of the derivatives
of the matrix function X defined in remark 4.4 is given by

~ 1 _ _ 1

Xp(P, P*) = EKI*KZ Y(KsKy 'Ky — BiBy) + O <—|PI3) (|P| = o0) (4.12)
% * i * pr— * * D% — 1

Xp:(P, P*) = W(K1 K;'K; — B3BY)K; 'K+ 0 <W) (|P| = 00) (4.13)
where

K, = BA(0)B, K> = BiA(O)RA(0)* B} K3 = BiRA(0)*B}.

If A contains 3 x 3 Jordan cells, then we can no longer present u as a function of P and P*.
Example 4.6. Supposem =2, N =1,n=3,B;=(1 0 0),Aisa3 x 3 Jordan cell:
mo 1 0 0
A=10 o 1 (k = po+ py > 0) B2=<1>. (4.14)
0 0 po ’

Similar to equation (3.10) we obtain

ealx,1,y) = e(no) exp {(A — poly) (xIs — iy (A + pols) — 41 (A + oA + 13 1) )}

01 0
= e(uo) {13 +10 1| (x5 — iy(A+ pols) — 4t (A” + oA + uglz))
0

0 0 1
+10 0 0] (xIs —iy(A + pols) — 4t (A + poA + 1))’
0 0 0
Simple calculations now yield
1 P Q
exa=e(up) |0 1 P 4.15)
0 0 1

where Q(x,t,y) = %P(x, t,y)? —iy — 12uot. From equations (3.3) and (4.15) it follows
that

Biea =e(no)(1 P 0) Gy =iV =e(no)(P  0). (4.16)
Using equations (3.5) and (4.16) we obtain
S=le(uo)l*(1 P QR P Q). 4.17)

Finally according to equations (4.16) and (4.17) we obtain

i P*
= . 4.
I P ORI P 0O <Q*) *o @19

To construct R in equation (4.18) we derive from equation (3.2) and a relation similar to
equation (3.9) the equality
ni+ri ran+riz 13
KR+ r31+ry r3p+rs r33 :diag{O,l,l}. (419)
3 33 0
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Using equation (4.19) we have r33 = k', r3 = rp = —k 2,131 = ri3 = K 5,1 =

2k 3+ k=10 = —k 2 =374, 11 = 2(k 3 + 3k 7). Now formulae (3.6) and (4.18)
express ¥ and @ via polynomials P and Q.

5. Conclusion

Thus, the GBDT and various matrix and operator identities prove fruitful for the construction
of the matrix KP equation solutions. A notion from the system theory has been used for
the construction of the non-singular solutions. (See also the representation of the Darboux
matrix in the form of the transfer matrix function from the system theory in [25-28].) The
solutions obtained in this way can be treated as a type of soliton—multi-lump interaction, and
a subclass of the slowly decaying self-adjoint non-singular rational matrix KP I solutions is
included. This subclass corresponds to the parameter matrix A with a single eigenvalue. Some
developments of the important paper [1] have been achieved. The generic case of the block
diagonal A consisting of the 2 x 2 Jordan cells has been studied. In this case u and @ depend
on the polynomials P and P* (P(x, t,y) = x — 2iupy — 12u%t), and the asymptotics of u
and @ when | P| — oo is described. Finally, an example of the 3 x 3 Jordan cell A has been
treated.
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